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In this presentation, we investigate the complex energy landscape of twisted bilayer graphene
(TBG), with a particular emphasis on the Hofstadter spectrum and the emergence of recursive
higher-order topological phases El Through detailed calculations, we uncover higher-order topo-
logical insulator (HOTI) phases in TBG characterized by localized corner states. Remarkably,
these phases reappear within the Hofstadter butterfly, reflecting a self-similar structure in the en-
ergy spectrum. We demonstrate the existence of an exact flux translation symmetry in TBG for all
commensurate twist angles. Exploiting this symmetry, we show that the original HOTI phase—first
identified at zero magnetic flux—reappears periodically with a half-flux quantum, while preserv-
ing an effective twofold rotational symmetry. Additionally, we identify multiple HOTT replicas at
flux values that do not host symmetry protection. These replicas, like the original, feature corner-
localized states and edge-associated topological markers in real space. Their emergence is driven by
the interplay of distinct energy scales arising from intra- and interlayer couplings in TBG. Our find-
ings illuminate the topological richness of the Hofstadter spectrum and highlight the fundamental
role of symmetry-protected topology in quantum fractal systems.
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Figure 1: Hofstadter butterflies and the emergence of replica higher-order topological corner states
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