Time-dependent Density Functional theory at the limits

G.F. Bertsch*
University of Washington
ES2015 workshop
June 23, 2015

1. Goals, algorithms
2. Electron-phonon coupling
a) molecules
b) coherent phonon generation
3. Nonlinear regime
a) Hyperpolarizability, Franz-Keldysh
b) Rabi oscillations
b) Intense laser pulses
c) Simulating pump-probe experiments

*In collaboration with K.Yabana (Tsukuba)
Tuesday, June 23, 15

Perspective
1. TDDFT is an effective Hamiltonian theory (adiabatic theory)
2. Utility of a predictive theory is a function of
computational cost as well as accuracy.
Goals
1. Exploit the real-time method.
2. Determine the accuracy of the theory in
different contexts.
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Algorithm for TDDFT (Yabana code)

1.
2.
3.
4.
5.

Uniform real-space mesh
(~0.5 Bohr mesh)
Laplacian by 9-point difference
Time integration by 4-th order expansion of exp( iHks t)
Mixed gauge for crystalline lattices
multiscale for surface effects (~10^5 p.h. )
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Electron-vibration coupling in molecules

Vibronic coupling in ethylene

Vertical transitions in TDDFT:
Herzberg-Teller in benzene
LDA
Main peak

Low-energy
tail
J. Chem. Phys.115 4051 (2001)

Israel J. Chem. 42 151 (2002)
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Coherent phonon generation

22A527-2

Experiment
in Sb
Shinohara et al.

J. Chem. Phys. 137, 22A527 (2012)

Lagrangian we used in our earlier study11, 13 contains the following elements:
(1) a fully microscopic treatment for the electron dynamics using a Kohn-Sham (KS) energy functional to evolve the
time-dependent electron orbitals;
(2) a classical treatment of the time-dependent electric
field in the crystalline unit cell;
(3) a classical treatment of the dynamics of ionic centers,
often called “Ehrenfest dynamics.”
We write the Lagrangian as a sum of three terms, the
Kohn-Sham, electromagnetic, and ionic parts,
FIG. 1. Observation of coherent phonons in crystalline Sb generated by highintensity laser pulses of 1.55 eV photon energy. Reprinted with permission
from K. Ishioka, M. Kitajima, and O. Misochko, J. Appl. Phys. 103, 123505
c 2008, American Institute of Physics.
(2008). Copyright !

dependence on the time with respect to the pump pulse. Thus,
the displacive mechanism has a phase differing by π /2 with
respect to the ISRS mechanism.
At first sight it would seem that the ISRS and the displacive mechanisms are quite different physical processes. In
an attempt to establish a unified description, Stevens, Kuhl,
and Merlin (SKM) proposed a unified model of to describe
both ISRS and displacive mechanisms in term of the dielectric properties of the medium.7 Their approximate formula for
the Fourier component of the force, F("), is given by
!
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where E(t) is the laser electric field, ω is the laser frequency,
and ε is the dielectric function. In Sec. IV below we will
compare the formula with the results of the TDDFT dynamics to assess the reliability of the approximations made in
deriving it.
Tuesday,
23, 15
The June
transition
from adiabatic to nonadiabatic coupling
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(4)

The Kohn-Sham term is given by the following integral over
the unit cell ":
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The variables here are the electron orbitals ψi (#r , t), the elec#
tric field potentials, φ(#r , t) and A(t),
and the ionic coordinates
#
#
Rα (t). The vector potential A(t) is a function of time without spatial dependence and describes spatially uniform electric field, while a scalar potential φ(#r , t) is periodic in the unit
cell. The separation of the electric field into these two components is crucial to our computational scheme.14, 15 It enables
us to apply Bloch theorem for electron orbitals ψ i at each
time. The ionic density nion is described with the ionic coordinates Rα and the electron density ne with the Kohn-Sham
orbitals.
We employ the same exchange-correlation energy functional Exc [n] for dynamical calculation as that is used for the
ground state calculation. This is the well-known “adiabatic
approximation” in time-dependent density functional theory.
This does not mean that we assume adiabatic electron dynamics: In our calculation, orbitals which are not occupied in the
ground state mix with occupied orbitals in ψ i in the time evo-
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Coherent phonon generation
Silicon

LDA

+ #100$ plane. The atoms on the plane are highlighted in white. The
plane with its atoms is shown at the right in a face view. The long
arrow shows the axis of the electric field and the small arrows show
the direction of the optical phonon coordinates.
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Physics beyond the linear response

Rabi:

D. Bauer, PRL 102 233001 (2009)
FOH: Takimoto, et al. J. Chem. Phys. 127 154114 (2007)

Bozonization: J. Kas, et al., Phys. Rev. B 91 121112 (2015).

Tuesday, June 23, 15

Integrated RMCD (au)

RMCD (au)

tive on the low-frequency side, but the t
panel shows the predicted short-time dependence achave the opposite sign. The four transit
Magnetic circular dichroism
Fullerine C_60
g to Eq. (28). The computed time dependence starts out
have a significant B-type MCD respon
2
tic as expected, but the coefficient of t is lower by 40%
positive- and negative-going peaks on
xpected from Eq. (28). To confirm that the nonlocality
transition. The B-type response may be
pseudopotential is responsible for the disagreement, we
the graph of the integrated MCD respon
computed the response for short times with nonlocality
J. Chem. Phys 134 144106 (2011)
shown on the lower panel of Fig. 4. The
J. Chem. Phys. 134, 144106 (2011)
pseudopotentials turned off, shown as the long-dashed
read off from the step increases going a
Fig. 3. This agrees
closely with the expected short-time
400000
cf. Eq. (9). The values are reported in T
(a)
300000
or. We do not200000
have any explanation why the sum rule
theoretical dipoles strengths Dn [Eq. (12
100000
on is much stronger
for the MCD strength than for the
0
RM CD (!)
df (!)
-100000
y dipole strength.
⇠A
+ Bf (!)
-200000
BTABLE I. MCD
d!response of the lowest four 1
-300000 going to long times is shown on the
e MCD response
-400000
perimental data is from Ref. 44. Our calculation
panel of Fig.-500000
3. It is interesting to note that the am-600000
labeled TDDFT. The effective orbital g-factor is
0
1
2 with
3
4time.
5
6
of oscillation increases
This
behavior is in
E (eV)
t to the ordinary
dipole
response,
which has a maxi1000
Energy
(b) oscillation. The reason for the inxcursion in the800
first
600
(eV)
Bn /Dn
400
in amplitude is200the presence of the A terms which give
0
Exp. TDDFT
Exp.
TDDFT
Exp
ime response -200
that
cancels at short times and only bevisible at later-400
times.
-600
3.8
3.5
100
64
−0.3 ±
-800
king the Fourier
-1000 cosine transform of the real-time re4.9
4.3
−700
−146
−0.55 ±
-1200
using Eq. (20) we
find
spectrum
shown in
1
2 3 4the
5
8MCD
10 15 20 30
50
6.0
5.3
66
E (eV)
∗
upper panel. The A-type character of the π −π transi5.9
−120
FIG. 4. MCD response R
(E) in C . Upper panel shows the strength
er panel
clearly
seen
in
the
shape
of curves,
with a strong
function Eq. (4). The corresponding integrated
strength functioneach
is shown in
ve is the

the lower panel.
the rehe pseugerTuesday,
time
June 23, 15

MCD

60

Second-order hyperpolarizability
Ethylene

Iwata, et al., J. Chem. Phys.
115 8773 (2001)
ed dynamicalJ-IFranz-Keldysh
effect

functional

www.nature.com/scientificreports

VWN BLYP LB94 Exp.
omic Energy ↵
Agency,
Kizugawa,
Kyoto 619-0615,
Japan
14.0
19.2
7.6
9.0+/-0.2
k /1000

a2 , S. A. Sato3 , and K. Yabana1,3,4

turphysik, Weinberg 2, D-06120, Halle, Germany
ences, University of Tsukuba, Tsukuba 305-8571,Japan
University of
Tsukuba, Tsukuba
305-8577,
Japan
Experimental
value
is within
the range

Figure 1a shows the absorption of a conventional semiconductor
in a static and uniform electric field. The standard ‘‘square root’’
absorption (black curve) in the presence of an electric field (red
curve) is strongly perturbed in the energy region across the bandgap EGap 15,16: an exponential-tail absorption appears below EGap (also
known as electroabsorption) and an oscillatory behaviour in frequency of the optical properties of the semiconductor is revealed
above the energy of the gap.
When the static electric field is replaced by a time dependent one
(Fig. 1b) the response of the system is described by the Dynamical
Franz-Keldysh effect (DFKE)17–19. The DFKE is qualitatively similar
to the static FKE below the gap (i.e. both effects exhibit an exponential absorption tail20) but the above-gap oscillations are much weaker
and the absorption edge is blue-shifted by the ponderomotive energy
UP 9,21. When UP is of the same order of magnitude of the photon
energy (c*1) the conduction and valence bands cannot follow adiabatically the applied EM field and the field-induced opacity is better
described by the DFKE. On the other hand, for growing UP (c?1)
the effects become better and better described by a quasi-static FKE,
which is the proper model for a uniform dc field (c~ ).
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Results
Field induced optical absorption experiments. Here we study the
FKE at the transition between a dynamical (c*1) and a quasi-static
regime (c~30?1). To this purpose we developed a pump-probe

Novelli, et al., Scientific Reports 3 1227 (2013)
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Otobe,
et al.,
arXiv:1504.01458:
the pumpby
pulse
and the
modulation
of dielectric func-

tion, but the mechanism of the observed time profile was
not understood. To uncover the physics of time-resolved
DFKE, we develop a pump-probe formalism in two different theoretical approaches: first-principles numerical
simulations based on time-dependent density functional
theory (TDDFT [25] ) and analytic investigation for a
two-band model. Combining two approaches, we can understand not only the strength of the modulation but the
phase with respect to the pump field as well.

ntal
In real-time TDDFT, we describe electron dynamics
tter.
in a unit cell of a crystalline solid under a spatiallyTuesday, June 23, 15
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experiment which uses strong almost single cycle EM pulses at
THz frequencies as pump and broadband near-infrared pulses as
probe. It is important to note that the probe pulses used in our
experiments are shorter than the THz wavelengths so that our
technique allows the phase sensitive measurement of the DFKE.
Fig. 2 shows the THz electric field in the time domain (a) and a
spectrogram of the observed transmission change DT(t)/T, where
DT(t) is the time-dependent perturbed transmission and T is the
field-free transmission in GaAs (b). At the peak of the THz field
the transmission is reduced by up to 60% (Fig. 2b) at photon energies
just below the band gap. This large modulation is caused by the
strong sub-gap absorption as shown for the static FKE in Fig. 1(a).
Fig. 2c shows the measured DT(t 5 0 ps)/T as function of photon
energy (red curve) compared to the transmission change calculated
from eq.214 assuming a static electric field of 100kV=cm (black curve)
and a square-root gap. The only free parameter of the calculation is a
phenomenological scaling factor accounting for the size of the matrix
elements of the dipole transitions. It should be noted that taking into
account realistic shapes of the equilibrium absorption (including
excitonic effects), rather than a simple square-root gap, gives only
minor differences in the field driven absorption.
While the shape of the change as function of photon energy is
accurately described at every time step, a comparison between Fig. 2a
and Fig. 2b reveals that we cannot reproduce the observed temporal
dependence of the transient transmission by calculating the static
FKE with the THz field profile shown in Fig. 2a. Nevertheless, this
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Intense laser pulses
2. Surface damage and ablation
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s needs to dispose a stable

laser for achieving calibration and control of the process.
In our conditions, lasers having ∼3% rms energy fluctuations are used. However, we think that higher removal resolution and control could be obtained with a laser more stable due to the highly deterministic behavior observed with
femtosecond pulses [5, 6], especially at very short pulse durations [6]. In the framework of machining applications, this
fluence range of magnitude ! = F opt − F th can be labeled
the ‘selective processing fluence window’. This window is
shown to be more extended at long pulse durations ($30 fs)
(see Fig. 8) due to later onset of the plasma shutter effect, but
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Simulating pump-probe experiments
PHYSICAL REVIEW B 89, 064304 (2014)

Current
-4
(10 a.u.)

4.0
3.0
2.0
1.0
0.0
-1.0
-2.0
-3.0
-4.0

(a) Pump+Probe

4.0

Electric field
-3
(10 a.u.)

4.0
3.0
2.0
1.0
0.0
-1.0
-2.0
-3.0
-4.0

Current
-4
(10 a.u.)

SATO, YABANA, SHINOHARA, OTOBE, AND BERTSCH

2.0
0.0
-2.0
-4.0

(b) Pump only

Electric field
-3
(10 a.u.)

4.0
2.0
0.0
-2.0
-4.0

(c) Difference

2.0
0.0
-2.0
-4.0

(e) Pump only

(f) Difference

2.0

Current
-5
(10 a.u.)

Electric field
-4
(10 a.u.)

4.0

(d) Pump+Probe

1.0
0.0
-1.0
-2.0

0

5 10 15 20 25 30 35 40 45 50
Time (fs)

0

5 10 15 20 25 30 35 40 45 50
Time (fs)

FIG. 3. (Color online) Left panels show the electric field of (a) pump and probe pulses, (b) pump pulse, and (c) probe pulse. Right
panels show the current induced by the (d) pump plus probe pulse and (e) pump pulse only, and (f) the difference of the currents shown
in (d) and (e).

Sato, et al., Phys. Rev. B 89 064304 (2014).

We note that, in principle, the above-defined conductivity
and dielectric function depend also on the time delay τPp
between the pump and probe pulses. We will later show that
the dependence on delay time is rather small, at least for the
real part of the dielectric function.
In practice, we employ the vector potential of the form of
Eq. (4) as the pump pulse. As for the probe pulse, we use the
same functional form as Eq. (4) delayed by an amount τPp
from the pump pulse,
e0
Ap (t) = −c
cos[ωp (t − τPp )] × sin2 [π (t − τPp )/τL ],
ωp

current of Eq. (7) gives us dielectric properties around the
average frequency !ωp . To explore the dielectric properties
for a wide frequency region, we repeat the pump-probe
calculations for different frequencies of the probe pulses.
In Fig. 4, we show typical calculations using a number of
probe pulses of differing frequencies. Figures 4(a) and 4(b)
show the absolute values of the Fourier transforms of Ep (t)
and Jp (t), respectively. Figures 4(c) and 4(d) show the real and
imaginary parts of the dielectric function, which is calculated
using Eqs. (8) and (9). The curve is composed of a number of
curves with different colors for each probe frequency. One can
see that the overlap is very good for the different average probe
frequencies, validating our method to extract the dielectric
function.
We have carried out the pump-probe simulations for several
intensities of the pump pulse. The results for the dielectric
functions are shown in Fig. 5. The real and the imaginary parts
are presented in Figs. 5(a) and 5(b), respectively.
The distinguishing feature in the response is the negative
divergence at small frequencies seen in the real part. This
arises from the quasiparticles in the excited system, as we
will see more quantitatively later. The imaginary part of the
response is not quite as simple to analyze. At the strongest case
of I = 5.0 × 1012 W/cm2 , the dielectric functions calculated
using probe pulses of different central frequencies are not
connected smoothly. This indicates the imaginary part of
the dielectric function is not well defined under strong

Dielectric function compared with thermal model in
Sato, et al.(10)Phys. Rev. B 90 174303 (2014).

for τPp < t < τL + τPp and zero otherwise.
In Fig. 3, we show typical time profiles of the electric fields
and the induced currents for a delay time of τPp = 19 fs. The
pump pulse is the same as in Fig. 1, with a maximum intensity
of 1.0 × 1012 W/cm2 . The probe intensity is a factor of 100
smaller, which we deem to be sufficiently weak to extract the
linear response. In the left panels of Fig. 3, we show electric
fields of (a) pump and probe pulses EP (t) + Ep (t), (b) pump
pulse EP (t), and (c) probe pulse Ep (t), as functions of the
time. The right panels show currents induced by the (d) pump
and probe pulses JPp (t), (e) pump pulse only JP (t), and (f) the
difference of the currents Jp (t) of Eq. (7).
The next step is to calculate the dielectric function from
the
probe current
Eqs. (8) and (9). The pump-probe
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Juneusing
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Summary
1. Electron-phonon coupling
2. First-order hyperpolarizability
2. Magnetic circular dichroism
3. Second-order hyperpolarizability
4. High-field ionization
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