Can machines beat humans at
electronic structure?

Kieron Burke and friends
UC Irvine Chemistry & Physics
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The electronic structure problem

= 4

Use atomic units

Born-Oppenheimer
approximation

All non-relativistic

(but added back in)

Wavefunctions
antisymmetric and
normalized

Only discuss ground-
state electronic
problem here, but
many variations.
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Hamiltonian for N electrons in the presence of external potential v(r):

H=T+4 Vee + V,
where the kinetic and elec-elec repulsion energies are

P S

i ee —

T=1
i=1 2i:ljtzi

Y

N

lri ! rjl

and di! erence between systems is N and the one-body potential

Often v(r) is electron-nucleus attraction

: Z
W= TR

where ! runs over all nuclei, plus weak applied E and B fields.

[P+ Vet VIV=EV E = min"! [P+ Ve + 9! #
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DFT method

DebPnebctitious non-interacting electrons satisfying:

1" 2 n #,V 2

VST T sl ¢i(n) = €¢5(n), |9;(r)[* = n(r).
-

wherevs(r) is debPnedo yield n(r). '

DebneTg as the kinetic energy of the KS electronsg, as their
Hartree energy and

T+ Vee= Ts+ U+ B¢

the remainder is the exchange-correlation energy.
Most important result of exact DFT:

$

Vo(r) = V(1) + d3r%+vxc[n](r), Ve (1) =

0Exc
on(r)

Knowing E,c [n] gives closed set of self-consistent equations.
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L Local approximations=  semiclassical J

e Consider scaling to continuum limit;
vi(r) = 1 dy tdyy N! IN.

whered is spatial dimension.

e Lieb and Simon (1973) proved that Thomas-Fermi theory i<
relatively exactad !'" | e,

ETF#EOI
Eo '

e Equivalent to changindZ = N for neutral atoms.

0

e Schwinger and Englert showed LDA exchange is relatively
exact for atoms a<Z ! "
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L KieronOs conjecture }

Almost certain that

o ELDA is relatively exact in the ¢! limit
.V EDPA EDA R B
||m — — O
H Exc Exc

Kieron's instinct:

@ Success of simple local-type approximations is because they
are crude attempts to capture leading corrections to
asymptotic limit (LDA)

T=G=PP"G#0$$U8"27LR$6=GG86V=LISF=$U?9$7LSF-7ISPTH7F$9:+$<-"F
FG#TLR$F=$6"/F5G8$<7F-$H=G8%$"665G"F8$?@A$"//G=ITH"V=LJ$
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L Semiclassical work In progress

¥ Almost exact exchange at almost no cost

Bl for 1d boxes, do LDA calculation, then
evaluate semiclassical exchange.

¥ Semiclassical holes versus LDA/GGA holes

Bl For 1d boxes, see huge improvement over
LDA holes, pointwise in space

¥ Turning points

Bl Finally derived and proved formulas in
presence of turning points

¥ RPA correlation energy of atoms
Bl Very bizarrely fits semiclassical limit
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Z4%,FG=LR$6=GG8P"V=L%

¥ Ongoing project with Steve White at UCI
¥ Apply DMRG to continuum problems

AT0Y

A-=H"J$+4$2"18G  U56"J$\"RL8BG 17P8J%=528LH7G8 ,F8i8$\-7F8
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Mott-Hubbard gap

¥ Classic prototype of

condensed matter " //

¥ Infinite chain of H atoms Ela ]

g L] = ExactI-A

¥ When lattice spacing is zorl . BecksGap ]
large, must be an 5 o :
insulator :

¥ But with one electron S
per Site aIWayS a band FIG. 3 (color online). Exact gaps for chainsMfsoft hydrogen

! atoms with atomic separation! 4 (error bars are less than

m e-ta I symbol sizes). The upper curve is a quadratic bt of exact gaps

the largest six systems and extrapolates to a Pnite V&ajue
0:33. The exact Kohn-Sham gaps, in contrast, extrapolate to ze

M"H#P%&'H"(&)"*+,-)"."I',0+#123)"&1,423/12/3#,5&26,26# showing that foN ! 1 the true KS system is metallic (lower
%#"(&27$8*23&9,;#")3'*+&;*_)",<3)/:,*">,?2(’?':+&1*_)"(,curve is a linear bt of exat KS gaps of the largest six systems
@)3,%4#"(&27$A/"1.) *+ B6#BAF=528LH7GRI56"ISN4S
\"RL8G'$,F8;8L$:43\-7TFEFBCGEL5G]8'$"-#I45:81881$
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{ Proof of convergence of KS egns J

. Z
A Lemma: BrwHh%Sr" " vth$r)(HAr"' alr") <O,

¥ Oops: Already proven by Gritsenko and
Baerends (2005) — see our erratum.

¥ Consequence: take one step for some
P dE/dA always < O at ends of curve
. . </*3*""2##>,-)"I(IZ#3D#"}#,)@,I26#,EI)6"$46*',
Bl Guarantees a minimum AR v SO,
A #]4$:8,498.48 '$)&B))B$_()%B 4$
Bl Can prove always converges for A <A

Bl Assume Hilbert space finite

E)6"G46*,1*+1/+*.)"(,5826,26#,#9*12,@/"1.)" 456" I$N

\"RL8G'$SA-=H"J$+4$Z"|8G'$+ABIBSSLH7EE78GSL

Z5G]8'$,F8:8L$:4$\-7TF8'$"-#14$:8;4$Z$_J50H7.82$_
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{ Semiclassical origins of strong correlation

¥ Consider v(r) as function of bond length R

¥ For exact KS potential, new turning points
occur at about R=3.3 A

¥ Coulson-Fischer point (where spontaneous
symmetry is broken) is 3.3 A in LDA

¥ Beyond that point (i.e., for strongly correlated
systems), there is a different asymptotic
expansion!

¥ Explains failure of local approximations for
strongly-correlated systems.
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mean principal basis 1

X

= 4

principal basis 2 principal basis 2

(b)

Figure 1.10 a) 25 randomly chosen 64 x 64 pixel images from the Olivetti face database. (b) The mean
and the first three principal component basis vectors (eigenfaces). Figure generated by pcaImageDemo.
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Machine learning

¥ Powerful branch of artificial intelligence
¥ Essentially fitting and interpolating

¥ Maps problem into much higher-dimension
feature space, using a simple kernel

¥ Higher-dimension often means more linear
¥ Perform regression in feature space
¥ Project back to original problem



Kernel ridge regression

e Kernel ridge regression (KRR). GiveX, f;}

M
fx) =) 1 jk(x,%) length scale
j=1

\

k(x,x) =exp(!" x! x'"?/(20%))
e Minimize:
IM

Qa)=  (Ax;) —f;)2+ X2|a|?

j=1 \
noise level
| = (K + M1~
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{ ML applications in electronic structure }

¥ All driven by Klaus Mueller of TU Berlin,
computer science.

¥ ML now being applied directly to, e.g.,
molecular energies from geometries for
drug design, many by Matthias Rupp (U.
Basel)

¥ Our efforts are focussed on finding T_[n]
from examples, headed by John Snyder
(Humboldt fellow at TU Berlin/MPI Halle)
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Demo problem in DFT }

¥ N non-interacting same-spin fermions conbned to 1d box

¥ Debne class of potential:
3
v(x) =" ai exp(" (X" B)?/ (2¢7))

i=1

¥ Represent the density on a grid with spaging = 1/(G" 1)

¥ ML-DFA for KE:

. M
P(n) = P> a;k(n;,n)
j=1
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Dataset

Generate 2000 potentials. Solve for up to 4 electrons.
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Performance for T

S
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N M ! TP TP T
40 24! 10 ° 238 33 3.0 23,
60 10! 10°> 95 12 1.2 10.
1 80 67! 10° 48 043 054 7.1
100 34! 10" 43 015 024 32
150 25! 10 © 33 0060 010 13
200 17! 107 28 0031 0053 065
2 100 13! 107 52 013 020 18
3 100 20! 10" 74 012 018 18
4 100 14! 10" 73 0078 014 2.3
1-4 400 18! 107 47 012 020 36

LDA ~ 223 kcal/mol, Gradient correction ~ 159 kcal/mol
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{ functional derivative? }

¥ Functionals are
defined on infinite-

Exact ML-DFA dimensional spaces
|7 .
| n([)r:; = u! v(X) «——> % 2 P(n) = "L(n; ! n)k(n;,n)
' ' 3=1 . . e
of =a/®x) ¥ With finite
150f | : interpolation, can

75, A ﬂ [\ | always find bad
directions
0 /\/\ ;A [\/\ !

uin vvv T
_75. \[ \]V ] ¥ Can we make a

----- Exact cruder definition
that will work for
our purposes?

~V.T(m)/Ax
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{ Principal component analysis }

Njs
X = (nj, —n,..., nj, —n) :
1. nj, nj,
C=—X X \[i/
m
/ \ll'
l nj, Ja
i X
j ==
Ppin)=V V
V = (x1,..., xg) " j

I"#$%&'$()%*$ +,9%0*$ 0%



{ Projected functional derivative }

> 4
1
-E
S [
.
N
| = 14 -
E
r s
Nl i
- — ML! DFA
y e Exact
0 0.5 1
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Constrained optimized density }

® Gradient descent search:

n(] +1) = n(J ) | &Pm’ I (H(J ))(V + " np(n(J ))/I .CU)
N=1 = .
M=100 W | |
\ - ATj = 0.154 keal /mol
' | ATJ-SC = 6.53 kcal /mol

Ratio = 43

1) /— - -_-‘b:
{ s |

m=15,£ =25
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L SC density movie J

L
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First OML meets DFTO paper

—22.3897314906413
5.595799173773367
1.94645582566549

—1.105559822533069
—3.886381532577754
—1.341930696378109
—10.16467121571373
—1.107633246744663
10.39451871866851
—0.139925361351959
3.656124569605117
8.06734679112684
0.3011566621835722
—0.2469178958324283
—5.704905642148452
0.1425795779687519
0.6843702894502789
—14.06571757369153
8.32346109443768
—5.252317079780442
6.18641388898792
0.4821906326173532
5.707663438868804
—0.1857958679022612
2.321594443893878
2.451069994722774
—0.961350897030818

—10.67971490671366

1.375998039323297

—4.330863793299111
6.961655278126058

—5.30540083281513
3.395104400983763
1.330224789015745

—0.2920604955263079

—26.41840990525562
6.630393088825135
3.065748817227897

—1.743105697039855
—1.631255302904965
9.50982692642515
—4.496736421068983
—1.002977917543076
—9.23106545170694
14.99926304831282
4.189181104505013
8.32837188138842

—21.84200888491582

6.604738977945651
TH.2798R8423246628
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3.751807395744921
4.522456026868127
2.751346713386582
5.725277193011525
4.95871172966177
6.451869235304859
6.705508349541454
7.390220519784453
1.478170300165134
4.045190240200832
4.944179742822627
2.988178201634472
8.78996207364355
6.242957525364009
4.447521595114223
6.919606258393273
8.27200587323167
6.220712308892191
9.29716067662943
3.424683176707511
3.789578783769164
1.195769022526768
4.058614230578957
5.159763617905121
3.319181325761367
4.005247740100538
7.710615861039985
4.728468083127391
2.740626958875014
3.209443235555092
3.013659237176324
2.088882156026381
7.9733680986292
5.105339790874075
6.773414983805557
6.41701161854283
6.476325542442256
1.300093759156537
3.145607697855832
3.121291975208031
7.367027947839741
8.56498650586069
9.43121814362608
8.47929696159459
4.708917711658332
7.583635162152007
3.414315967033806
1.625552430388586
3.42187897931262
6.220538426057454

0.0852624107335768
0.03620201946841309
0.0948195528516815
0.03097303116261406
0.06823254438777603
0.05482804889270922
0.0934749698077619
0.07970661674181083
0.03602109509210016
0.03579955552582782
0.0931916525333049
0.07482186947515447
0.04833452393773747
0.0989568314234112
0.06770523205457797
0.0821756368975312
0.0547013388431661
0.04765956545437692
0.0656810603414827
0.0867529985575643
0.07617326304382499
0.04928749082970199
0.04743875933294599
0.0850570422587659
0.05391080867981007
0.07620861067494449
0.07131617125307138
0.06509200806253813
0.06438323836566841
0.05150806767094947
0.0802684211883349
0.07464091227469428
0.0911843583955236
0.06331718284342962
0.07595819905259191
0.06246944646172664
0.07599435647188182
0.06741885075599173
0.0415292¢~a7arnns
0.0313356°
0.0739810¢
0.0870950
0.0368989-
0.05472147
0.0907364%
0.0936829" vormmro=
0.05054048464274665
0.04546236831654488
0.0894449950697187
0.0821521091215863

0.4453450848668749
0.5050210060676815
0.4901204212506473
0.5511177785567803
0.5645951313008806
0.5694170176403242
0.4420693171728495
0.5081940602224835
0.5799113381048154
0.5678362348598895
0.4834640277977335
0.4950144569660614
0.459203937360375

0.4205662570527381
0.5047965897298675
0.5976799418614426
0.4453254786423237
0.4898959293071353
0.4960066859011466
0.4322548560407479
0.5418490045761073
0.5286859472378347
0.4981149890354436
0.5311491284465588
0.5914435434600773
0.5759225433332955
0.4007362522722102
0.4959400801351127
0.5077158168564866
0.5932432195310449
0.5733460791404235
0.4740072756248339
0.5314007871406556
0.5503804706506275
0.5210834626114553
0.4258923441426071
0.4345528705798566
0.4866345116967513

0.5043307410524706
0.5426078576324179
0.4941485628974172
0.41187484492572315

7.559337237177321
1.885091277540955
7.863592227266858
7.988513342309234
9.08135225317634
4.416924333519995
2.858371131410651
3.815123656821275
2.105782960173057
9.32386837735074
9.3847979419491
1.910770315838324
9.934677577T7873
4.73983230004983
3.987888630073714
8.04099037018168
7.433883810628654
8.72249431241257
6.796263459296078
6.859255296971943
1.363177133649232
8.76714063033632
1.015171237842736
7.238990148015965
9.11776045377491
6.743529978394792
3.372061685311945
9.81266481664175
1.813952930718781
4.682408324655706
7.441047648005995
4.228694369663863
6.375772536276909
9.5740821641842
4.229974804881476
1.379491105318868
6.969363897694016
6.942052331590217

3.070996567281799
4.091176923293506
4.96749741331263

2.377028497509498

0.05840909867970421
0.06521780385848891
0.0951797983951825
0.0928323179868588
0.04472856905840844
0.04212208612720639
0.03722557506068529
0.04965529863397879
0.0861928382367878
0.0858648976559044
0.0840810063497973
0.03877152903045122
0.0973964303071365
0.0450110225161678
0.03595136615254331
0.03129262110881438
0.04612202343826998
0.05059967705235588
0.04037116107097755
0.0955962752949951
0.03197249245240319
0.0870852412295278
0.085826684646538
0.05867048711393652
0.03583354001918901
0.0967347280360008
0.04579335436967417
0.0951346706530719
0.0845523320869031
0.03641376226612134
0.0924462539370359
0.03993178348974601
0.0933026364108379
0.07463500644132846
0.03532177545633547
0.06306367927818108
0.06669302037176108
0.07107963920756023

0.06968276328974509
0.03836885039652842
0.06031151123783582
0.0963110933106458
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0.4990223467101435
0.4961601035955842
0.5196620049802691
0.5146415116367569
0.4299117124064201
0.5897125000677342
0.4216580500297413
0.497023655525965

0.4812528298377607
0.5698752996855582
0.4090254720704045
0.5786659568499292
0.4280349684453508
0.559400017887981

0.5929011044925536
0.4686530881925831
0.5269730370279639
0.4421274052875277
0.4389885737869158
0.517620399931194

0.5284999992906743
0.5989638152903285
0.5470349320774566
0.5662410781222187
0.4669413688494417
0.4980631985926895
0.4845503268496217
0.5047212015277842
0.407247659218711

0.4491940043173043
0.5216671466381739
0.4402946238148492
0.447244215655568

0.5814481952546582
0.5725615130215063
0.4531443030507202
0.517427894398595

0.4930672781311588

0.504879512949007
0.4119028637456998
0.4746736RH6808109

4.729884445483556
9.47421945496329
9.51608680035275
1.101098863639624
8.24973637849809
8.86521100790565
6.670274811535954
9.69945245311718
7.010226383015251
9.81895903799508
3.673880603434117
4.285706479098184
4.931948094146255
9.11978947943194
5.22121823715344
3.421695873368174
8.3641619521824
2.416276423317733
2.206183147865627
5.826144942819697
4.9879001955338
2.489565114307663
6.343764732282688
8.70600609334284
6.117669336479262
5.505849306951131
8.6021995929235
3.180268423645401
1.054506345314588
9.57800470422746
8.15403131934562
4.912298433960689
7.387561983870292
5.810342341443878
8.88452823254966
2.189456974183496
3.961825639220393
7.834870626014938
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5.360783854112533
4.527748284314512
4.581927607849956
5.3985455415944K87

0.0929218712306724
0.0556740133396159
0.07785377315463609
0.0882939028519791
0.08854431361856
0.0866581794842557
0.0977332470946321
0.07039341131023045
0.03535327789989237
0.04704020956533079
0.07158934023489803
0.05940487550770145
0.0969410287755626
0.06189826031162779
0.04029431905467698
0.05166215779587051
0.07996879390804805
0.07373660930828208
0.0804910989081056
0.0910408442631135
0.04126125322920861
0.05568685410478115
0.0878769436185823
0.04088387548046445
0.04553014156422459
0.0971440363586883
0.0634681851083368
0.06891913385037023
0.0998274789144316
0.089704223465467
0.05611934350568269
0.06528359492264517
0.0977643384454912
0.03327635127803191
0.0932985710685446
0.098078005933584
0.0929115322244988
0.06446115603870624
0.07636214080338054
0.0936192481138518
0.04986976063479617

0.06892772167363432
0.05825558914206748
0.04763840334231468
0.0388888383066967
0.05975894102927981
0.0871948963692279
0.0822574656780643

0.5590503374710945
0.4834045749740091
0.5806015592262945
0.5265108634130272
0.5416193648861009
0.5311744230227635
0.538756085129185
0.4990744291774679
0.4969989664577149
0.5708692337579542
0.5598196803643543
0.4844513368813702
0.4560660353529726
0.493100819449519
0.514129411681418
0.4208560803818513
0.5036755718396144
0.5403850652535799
0.5806221323132373
0.4167014408128501
0.4895167206754735
0.5787056957942209
0.5449452367497044
0.5305143392409284
0.4131324263527175
0.45173467721102
0.4207242810824543
0.5758580789792047
0.5956344420441539
0.4702887735348434
0.4910483719005932
0.4923580906843156
0.479824590293356
0.5550216356360829
0.5046388124857028
0.5174384564079299
0.4621043570336795
0.5367219218216266
0.4330291254331895
0.4523240987335903
0.5394709698394433
0.4832351547748815
0.4837560035001434
0.5908529311844791
0.566434199642786
0.5010633160850224
0.5784155467566237
0.4670598506496871
0.4176805754532423
0.5258947233190487
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Bond-breaking with ML }

¥ Performed many 1d
KS calculations of
diatomics as function
of bond length, using
LDA with soft-
Coulomb repulsion,
including several with
more than 2
electrons
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Constrained optimal density

¥ Convergence of
constrained optimal

density with # of
training points.

0.5 | n(x)

0.0 T

n(z)—n(z)

0.00

-5 0 5
E#3"#+(L,M3#$?*D#(,*">,1=.'&;*.)",a=-L$,L#28G'$,80"IV"L$ z
I7]"$E78G=L$Z5G]8'$EP"5JQ:=0O8GF$!bPP8G'$T-"/F8GSH7L$+H/7G76"P$
dL>8G8L68$Q$@8IFI6-G73$7L$D=L=G$=+$¢B"PPB G4 FIG. 7. Difference between the constrained optimal density
= A(x) and the KS density n(x) for various numbers of training
densities Nt. The error decreases uniformly for all x. The
system is Hy at equilibrium bond length. The inset shows the
KS density.
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Types of errors in DFT

¥ AE; =E_[n]-E_In]

¥ AEp = E, [A]-E,[n]

¥ AE = AE+ AEj

¥ Error analysis of
energies in kcal/mol
as a function of R
with different
numbers of training
data, on constrained
optimal densities
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FIG. 8. The total error of the model and the functional- and
density-driven errors ! Er and ! Ep for H> with (a) 10 and
(b) 20 training densities.



[ Functional derivatives and densities J

¥ How can we get accurate densities from lousy
derivatives?

¥ Once solution density is within interpolation manifold,
simply constrain derivative to stay on that manifold

¥ Analogy:

Bl Problem: find global minimum of 2D surface, given exact data
along a 1D curve in that surface that passes through the
minimum.

Bl Solution: Make sure you stay on the path.

¥ PS: Inspired density-corrected DFT, which corrects
many self-interaction errors!

N">#3(2*">&"D,*">,3#>/1&"D #33)3(,&",>#"(&27 2)"(,&",()+.)"O, %" (827,1)33#1 24> >H#"(8&27
@/["1.)"+,1*+1/+*)"(,\7LQT-8=BE7HS LT @/"1.)"*+,26#)37,P%-$UABQ-8=RETHSLF
,THSE78G=L$Z5G]8'$"-#IAIBBE 'S THE78GSZ5G]8'$A-8$a=5GL"P$=>$T-8H76"P$"-#J
JWB))BS_()%B 4% 18" '$%[9S([$_(%~$

I"#$%8&'$()%*$ +,%*$




[ Conceptual relationship J

¥ ML works when

a)l There's arule
b)! Rule is too complicated for humans
c)! There's data

¥ HK theorems say
a)l There is a functional
b)! It cannot be given explicitly, exactly
c)! Examples give exact values

¥ More important, practically:

Bl In chemistry and materials, we only care about solutions to an
absurdly small fraction of possible problems, i.e., nuclear
potentials at various positions, so underlying dimensionality of
solutions is very small, just solving differential equation is hard.
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Road map back to reality

Roadmap to 3d land

model selection, projected functional derivatives, OF-DFT

bond breaking, self-consistent densities

Id diatomics )L

. %
A}

“dlmen5|ona||ty, basis sets, representation, inversion symmetry

|
3d atoms, diatomics .

* full symmetries, scalmg

C& 3d molecules

scalability, data accumulatlon

ab-initio MD, active Iearnlng
Iarge systems, real applications
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¥ All preliminary results (over weekend)
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DMRG meets DFT meets ML

1600

¥ Ran H, with fixed
separations b using
DMRG (exp
repulsion)

¥ Use 30 values of b to
train ML version of
exact F[n]

¥ Yields accurate exact

binding energy curve
self-consistently.
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Summary

¥ ML of functionals works to produce highly accurate
approximate functionals
¥ Totally different approach from anything before

¥ ML can even
Pl find accurate densities
Bl say when it will work within tolerance
Bl break bonds
Bl Do the full functional
¥ But
Bl only demonstrated in 1d
Bl Need to do arbitrary-sized system
¥ Thanks to
Bl Students: Li Li, John Snyder, Kevin Vu, Isabelle Pelaschier
Bl Collaborators: Klaus Mueller, Matthias Rupp, Katia Hansen
Pl Funders: NSF from chem, DMR, math



