Solution of the
Electronic Schrodinger Equation

Using Basis Sets to Solve the Hartree-
Fock Equations



Comments on Hartree-Fock Theory

m Reasonable Description of Electronic Structure
m Most atoms

m Many molecules near their equilibrium geometries (although there
are exceptions)

m Basis for More Accurate Calculations

m HF is zero-order wave function used in many more accurate models
of the electronic structure of atoms and molecules that include
electron correlation

e Configuration interaction
e Perturbation theory
e Coupled cluster theory



Hartree-Fock Wave Function and Energy

Just to review, the Hartree-Fock (HF) wave function for N, electrons 1s

¥ (1,2,3,..N,)= Q¢ (1)8,(2)6.(3)--¢ (N,)

o, 9,(2) - ¢,(N,)
1 (]_)b(l) 5[;(2) fﬁb(Ne)

6,() ¢,(2) - 9,(N,)

where (ﬁ. 1s a spin orbital, i.e., a combination of a spatial function and a spin
function. The energy of the HF wave function is:

L= Zhll +2 2 (J E)
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Hartree-Fock Equations

The optimum orbitals to use in the HF wave function are the solutions of the

HF equations

Ne
7HF — 7 3 vl 1| W
0. =[h+ 2, (Jr — K)o, =€ ¢,
k=1
where
A 1 _» Ny ZI Owe electron operator:
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Coulomb operator
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RHF Equations for Closed Shell Singlet States

For a singlet state with all of the orbitals doubly occupied, N, = 2n, and the
HF wave function is

WA (1,23, N,) = @9,0,0,0, 0,9, 080B-aB

The HF equations are

fRHF(pi T {]'“L 2(2jk [ ]%k):|¢i 50
k=1

These are the closed shell Restricted Hartree-Fock (RHF) wave function and

equations.

For atoms and diatomic molecules, the integro-differential RHF equations can
be solved by finite difference or finite element methods. For polyatomic
molecules, these approaches pose significant mathematical problems and the
equations have traditionally been solved using basis set expansion methods.



Basis Set Expansion Method

The orbital ¢, in the RHF equation is a function of a set of one-electron
variables, (x,, y,, z,), and thus it can be represented by an expansion in a basis
set:

Ny

g, = 2 XvCyi
v=1

where Y, 1s also a function of (x, v, z,).

If the basis set, {),}, 1s a complete set, we will obtain an exact solution of the
RHF equations. For practical reasons, it is not possible to use a complete
basis set, so an error is always associated with the use of this approach.
However, as the basis set approaches completeness, this error becomes
vanishingly small.



Matrix Hartree-Fock Equations

Using the basis set expansion method, the RHF equations become

Ny Ny

7RHF __ 7RHF | § a
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If we now proj ect X, onto these equations and integrate, we obtain

Ny
fd i 2d )= E! Zfd i)

Ny, Nyr
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Z Fuv Cvi 8 Z S,uv Vi
v=1

Since these equations must hold for all x4, they reduce to the matrix equation

FRHFGC = SC¢



Matrix Hartree-Fock Equations (cont’d)

In the matrix RHF equations

RHF RHF RHF (
F11 F12 FlK Sn S12 SlK
RHF RHF RHF
F-— E) ) o By S = Sy Sy S)k
RHF RHF RHF
FKl FK2 ') FKK ksm SK2 SKK
Fock Matrix overlap Matrix
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C C C 0 € 0
c=| “2 22 2K g1 22
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Coefficlent Matrix orbital Bnergy Matrix

(diagonal)



Kinetic Energy & Nuclear Attraction Matrix Elements

The one-electron contributions to the Fock matrix are
n
RHF * 1 JFAELINE
Fyv 1 jd’i%uh%v T z jd”l%u@‘lk Kk)%v
k=1
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=T nucl
uv L V,uv
kinetic energy nucelear attraction
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Since there are N, basis functions in the basis set, N> one-electron integrals
of each type must be computed to construct the one electron matrix. Actually,
since the kinetic and nuclear attraction operators are hermitian, only

N (N,+1)/2 integrals must be computed.
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Coulomb Matrix Elements

The two-electron Coulomb contribution to the Fock matrix is

F}}VHF = [ dr, xfﬁxv + kzl [dn x;(zjk - K )z,
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Exchange Matrix Elements

The two-electron exchange contribution to the Fock matrix is
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There are O(N,,*/8) two-electron integrals, [uv|op]. The cost of computing
these integrals dominates the cost of the integral calculation.



Matrix Elements of the Fock Operator

Combining the one-electron and the two-electron terms, the Fock matrix
elements become
Noy Noy

8= O A 1 > D, ([uviop]-L up|ov])
o=1 p=I

] | nucl
= Tuv + Vuv + Guv

So, the problem reduces to calculating the one-electron kinetic energy,
nuclear attraction and two-electron 1/r, integrals over the selected set of
basis functions, {Y,}, and then solving the matrix equation

FRHFG = SC¢

Solution of this equation involves transformation to an orthonormal basis set
(the {y,} are usually normalized but not orthogonal) and then diagonalization
of the resulting matrix. The eigenvalues of the matrix correspond to the
orbital energies, {€;}, and the eigenvectors, transformed back to the original
basis set, correspond to the expansion coefficients, {c,,}.



RHF Energy

The electronic contribution to the total RHF energy is

BT 2§n)hl.l. +ii(2Jl.j -K,)
i=1 =1/l

= 2ZDW(TW + VMV)+ZZDW (2[,uv lop |- up| Gv])
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The nuclear contribution is

ENZEZ IIQJ
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and the total energy is

RHF _ ~RHF
Etotal ] | Ee + EN
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Self-Consistent Field (SCF) Procedure

There 1s one complication with the solution of the matrix RHF equations, the
Fock matrix elements depend on the solutions to the equations through the
density matrix, D, To address this problem, the equations are solved
iteratively:

.

R R

Specify the molecule and geometry: nuclear coordinates, {R,}; nuclear charges,
{Z,}; and number of electrons (V,).

Select the basis set, {y,}.

Calculate the integrals: T,,, V™, [uv|lop] and S,

v
Construct a guess for the Lélensity matrix, D ;,°"%, or expansion coefficients, {c,,}.
Construct the Fock matrix.

Solve the matrix RHF equations, obtaining a new set of coefficients, {c ""}.
Form a new density matrix D, .

Determine if the difference between the new and old density, |D ST D GPOZd ,
matrix is below a set threshold. If not, return to step #5.

Calculate the total energy of the molecule at the given geometry.



Selection of Basis Functions

We will now consider the selection of the functions to be used in basis sets for
solving the RHF equations for atoms and molecules.

There are two important criteria for selecting these functions.

1. The functions must be capable of providing an accurate description of the atomic
and molecular RHF wave functions.

2. It must be possible to rapidly calculate the integrals T
with the functions.

nl Vuv’“‘c’, [uv|op] and S,y

In addition, we want the basis sets to be as compact as possible.



Hydrogenic Orbitals and Slater Functions

The solutions of the electronic Schrodinger equation for the hydrogen atom
are:

n=1 n=2

Z3 7 | Z3 -1zr 1 Z3 1z
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s X D 4\ 27 ( ) ¢2px A 2ﬂZ xe

etc. There are natural functions to use in the solution of the electronic
Schrodinger equation. In 1930, John C. Slater proposed a slight modification
of the radial functions in the hydrogenic orbitals, namely

rn—le—Cr

Slater functions have been used extensively in calculations on atomic and
diatomic molecules and, if the exponents ({) are optimized, have been shown
to yield very accurate solutions of the HF equations. Unfortunately, it 1s very
difficult to compute the multi-center, two-electron integrals, [LLv|op], with
Slater functions. As a result, it is not feasible to use Slater functions in
calculations on polyatomic molecules.



Gaussian Functions

In 1950, S. F. Boys noted that all of the integrals, including the troublesome
multicenter, two-electron integrals could be computed analytically if Gaussian
functions

[ . m_n —Crz

%nlmé(x’y’z) 1 anmé'x MELS

were used instead of Slater functions (V,,,,, 1s a normalization constant).

The occurrence of 72 in the exponential, rather than », causes Gaussian
functions to be less appropriate than Slater functions for use in atomic and
molecular calculations.

1. Mathematically, it can be shown that the wave function should have a cusp at the
nucleus (origin). The derivative of the Gaussian function is continuous (and
zero). So, Gaussian functions will have difficulty describing the wave function
near the nucleus.

2. Mathematically, it can also be shown that, at large distances from the nucleus, the
wave function should fall off exponentially with . So, Gaussian functions will
have difficulty describing the “tail”” of the wave function.



Gaussian Functions and the Hydrogen Atom

To better understand how Gaussian functions may fare in atomic and
molecular calculations, consider their use in the hydrogen atom.

Error in Energy (h)
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Gaussian Functions and the Neon Atom

Let us now examine the somewhat more difficult case of the neon atom.
More functions are required to achieve comparable accuracy in this case.

Error in Energy (h)
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Gaussian Basis Sets

Much work has been done on determining the optimum Gaussian basis sets to
use in molecular HF calculations. This has resulted in a proliferation of
“recommended” basis sets. Many of these basis sets have been collected in
the Gaussian Basis Set Library at Pacific Northwest National Laboratory:

http://www.emsl.pnl.gov/forms/basisform.html

In 2001, F. Jensen (Ref. 1) reported a systematic study of Gaussian basis sets
for use in molecular HF calculations. These studies defined a sequence of
basis sets that systematically approach the complete basis set limit.

To provide an accurate solution of the molecular HF equations, the basis sets
must first and foremost provide an accurate description of the atomic HF
orbitals. But, when a molecule 1s formed from atoms, the atomic orbitals are
perturbed. The orbitals may contract or expand. They may become polarized
toward or away from the neighboring atoms. They may even delocalize onto
nearby atoms. The basis set must be able to describe all of these effects.



Augmentation of Gaussian Basis Sets

Contraction/Expansion of the Atomic Orbitals

If several Gaussian functions are used to describe an atomic orbital, most of
the contraction or expansion of the orbital can be accounted for by simply
varying the coefficients in the basis function expansion. Thus, expansion and
contraction can be accounted for except for the smallest atomic basis sets.

Polarization of the Atomic Orbitals

To describe polarization effects, additional functions must be added to the
basis set. We will discuss this topic next.

Delocalization of the Orbitals

Delocalization of the atomic orbitals is equivalent to building ionic character
into the wave function. If there is extensive delocalization, extra functions
may be needed to describe the ionic character of the wave function. We will
discuss this topic after we discuss polarization functions.



Polarization Functions for Gaussian Basis Sets

When a molecule like H, is formed, each of the atomic orbitals, in this case a
ls-orbital at R = oo, polarizes toward the other atom to help strengthen the
bond. It does this by mixing 2p character into the wave function.

(MMt R
ls 2p Is +A2p

So, polarizing the atomic orbitals requires the addition of higher angular
momentum functions to the basis set.

Jensen (Ref. 1) also systematically investigated the polarization functions to
include in the basis sets. He did this through calculations on a set of
prototypical molecules. The (sp) and polarization sets (dfg...) were matched
by requiring that the sets give rise to identical errors (to the extent that it was
possible to do so).



Energy Lowerings in HF Calculations on N,

AE, ., (h)
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Polarization Consistent Basis Sets

Based on convergence studies of a number of prototypical molecules, Jensen
proposed the following Gaussian basis sets for use in molecular calculations:

Set H C-F
pc-0 (39) (5s3p)
pc-1 (4slp) (7s4pld)
pc-2 (6s2pld) (10s6p2d1f)
pc-3 (9s4p2d1f) (1459p4d2f19)
pc-4 (11s6p3d2f1g) (18s11p6d3f2glh)

These sets are referred to as polarization consistent basis sets (pc-n).
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pc-n Sets: Oxygen s-Exponents
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Convergence of NH Properties with pc-n Sets

De Re l"l’e
HF Limit? 48.73 1.01731 1.6133
Error?
(7s4p1d) 2.82 5.51 0.0844
(10s6p2d1f) 0.54 0.55 0.0636
(14s9p4d2f1g) 0.038 0.007 0.0082
(18s11p6d3f2g1h) 0.003 0.000 0.0006

@ J.Kobus, private communication.
b Iy kcal/mol, milliA, and Debyes.



Convergence of CO Properties with pc-n Sets

D

e Re l"l’e
HF Limit? 183.79 1.10178  0.2650
Error?
(7s4p1d) 4.71 4.09 0.0333
(10s6p2d1f) 0.852 0.46 0.0244
(14s9p4d2f1g) 0.060 0.067 0.0021
(18s11p6d3f2g1h) 0.0006 0.014 0.0003

@ J.Kobus, private communication.
b Iy kcal/mol, milliA, and Debyes.



Diffuse Functions for Gaussian Basis Sets

In 2002, Jensen (Ref. 3) explored the addition of diffuse functions to the pc-n
sets developed for density functional (DF) calculations. Because of the
similarity between DF and HF basis sets, these functions can also be used to
supplement the HF basis sets also.

Addition of diffuse functions to the pc-n basis sets were shown to
significantly improve the convergence of a number of molecular properties
such as the dipole and quadrupole moments and dipole polarizabilities as well
as electron affinities. The largest improvements were realized by adding a
single diffuse function to the lower angular momentum sets (s, p, and d).



Contraction of Gaussian Basis Sets

Many of the steps in HF calculations depend on the number of functions in
the basis set. The size of the basis set can be reduced by combining the
primitive basis functions (y ™) into contracted basis functions (j,“"):

L
cont _ primd
X H z‘l X p PH
p:

Although this does not reduce the amount of work required to compute the
integrals, 1t does reduce the work needed to diagonalize the Fock matrix.

One way to contract the basis set is to take the expansion coefficient, {d,,},
from the atomic orbitals. This defines a minimum basis set of contracted
functions. Unfortunately, such a restricted set of contracted functions cannot
describe the impact of molecular formation on the atomic orbitals.

A very effective way to include these effects 1s to add the most diffuse
primitive functions in the basis set to the minimal basis set. These are the
functions that overlap the nearby atoms and provide the flexibility needed to
describe the perturbations due to molecular formation.



Contracted pc-2 Set for Oxygen Atom: [4s3p]

[4s]

[3p]

/‘

Gs

14989.10
2248.08
511.616
144.713
46.9056
16.6009
6.16341
1.72634
0.679615
0.236456

5

62.0205

14.3226
4.35340
1.49260
0.516428
0.170182

X, (1s)

0.000522
0.004038
0.020725
0.080526
0.232576
0.433056
0.347467
0.041790
-0.008217
0.002398

X1(2p)

0.006269
0.043187
0.165515
0.361422
0.447563
0.235753

X>(29)

-0.000118
-0.000920
-0.004746
-0.019065
-0.058999
-0.137038
-0.174532

0.167974

0.603102

0.372481

X2

0.0
0.0
0.0
0.0
1.0
0.0

X3

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
1.0
0.0

X3

0.0
0.0
0.0
0.0
0.0
1.0

X4

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
1.0



Contracted pc-2 Set for Oxygen Atom: [2d1f]

C X1 X2
1.0 0.0

2.3 :
[Zd] |: 0.65 0.0 1.0

G X1

[11] |: 1.2 1.0

The above basis set is referred to as a generally contracted basis set because a
primitive function can appear in any number of contracted functions, e.g., the
primitive s functions contribute to at least two contracted functions, ), and y,.
If a primitive function appears in only one contracted function, the set is
referred to as a segmented contracted basis set.

Generally contracted sets are more efficient that segmented contracted sets for
molecular calculations. Nonetheless, most of the sets in the literature are

segmented sets because most integral programs cannot efficiently handle
generally contracted sets.



Contracted pc-n Gaussian Basis Sets

Based on studies of a number of molecules, Jensen (Ref. 1) proposed the
following contracted Gaussian basis sets for use in molecular calculations:

Set H C-F
pc-0 [25] [352p]
pc-1 [2s51p] [3s2p1d]
pc-2 [3s2pld] [4s3p2d1f]
pc-3 [5s4p2d1f] [6s5p4d2f1g]

pc-4 [7s6p3d2f1g] [8s7p6d3f2g1h]



Convergence of NH Properties with pc-n Sets

De Re l"l’e
HF Limit? 48.73 1.01731 1.6133
Error?
3s2pld] 3.77 10.78 0.0560
4s3p2d1f] 0.612 0.58 0.0651
6s5p4d2f1g] 0.046 0.008 0.0082
8sTp6d31221h] 0.003 0.000 0.0006

@ J.Kobus, private communication.
b Iy kcal/mol, milliA, and Debyes.
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